Moduli, modulini and gravitinos have gravitational-strength interactions, and particle collisions after reheating create all of them with roughly the same abundance. With the usual provisos, this leads to the well-known bound T R ∼ < 10 9 GeV on the reheat temperature. The vacuum fluctuation also creates these particles. It is shown that the abundance from this mechanism is lower than the one from particle collisions in the case of moduli and modulini. Using recently-proposed evolution equations for the mode functions, the creation of gravitinos from the vacuum is studied. It is argued that in non-hybrid models of inflation, gravitinos are produced only with the same abundance as moduli and modulini, while in non-hybrid the abundance may be enhanced by a factor 10 21 GeV/V 1 4 ∼ > 10 5 . (Here, V is the energy density during inflation.) The usual bound on the reheat temperature is then tightened to T R ∼ < 10 −10 V 1 4 , and the nucleosynthesis requirement T R ∼ > 10 MeV implies V 1 4 ∼ > 10 8 GeV. Some new points are made, regarding the presently unclear situation with regard to the equations describing gravitino production.
Introduction Long-lived particle species constrain models of the early Universe, because they are cosmologically dangerous. Their abundance is conveniently specified by the ratio n/s, where n is the number density and s is the entropy density, evaluated at the epoch of nucleosynthesis. In order not to upset nucleosynthesis, a particle with a gravitational-strength decay rate, and mass 100 MeV to 10 5 GeV must have [1] n s ∼ < 10 −13 .
(The precise bound lies between 10 −12 and 10 −15 , depending on the mass.) If supersymmetry breaking is gravity-mediated, the masses of the gravitino and certain superstring moduli and modulini are expected to lie in this range. A particle with gravitationalstrength interactions and mass ∼ < 100 MeV is stable (lifetime longer than the age of the Universe). Any stable species which is non-relativistic at the present epoch has matter density Ω X = 4.4 × 10 9 h −2 m X 1 GeV
where h ≃ 65 is the Hubble constant in units of 100 km s −1 Mpc −1 . For m ∼ > 1 TeV, this bound on n/s is stronger than the one that applies to decaying particles. One would like it to be saturated by some species, to give the observed dark matter density Ω 0 ≃ 0.3. In addition one needs baryons (nuclei) with Ω B h 2 ≃ 0.02. Gravitinos are created by particle collisions after reheating, with abundance [1] n s thermal ∼ 10
−13
T R 10 9 GeV .
Any particle with gravitational-strength abundance is created with roughly the same abundance, unless it has mass bigger than T R . Between reheating and nucleosynthesis, the comoving entropy S = a 3 s may increase by some factor γ −1 > 1 due to late particle decay and/or thermal inflation. If Eq. (1) holds for moduli, modulini or gravitinos, we arrive at the famous bound T R ∼ < 10 9 γ −1 GeV.
Creation from the vacuum The vacuum fluctuation during inflation provides another mechanism for creating particles. Indeed, although there are no particles during inflation, each field has a vacuum fluctuation. During some era containing the end of inflation, the evolution of the mode functions may become non-adiabatic so that particles are created [2] . After creation stops, the number density is
where a is the scale factor of the Universe, a * is its value at the end of inflation. We shall refer to the constant n * as the number density at the end of inflation, even though particle creation stops only some time later. If the particles have only gravitational-strength interactions, or are very heavy [3] , they will not thermalize at reheating. The particles created by the vacuum fluctuation retain their identity, and [4] their abundance at nucleosynthesis is
In this expression, H * is the practically constant value of the Hubble parameter during inflation (to be precise, the value at the end of inflation). The observed cosmic microwave background anisotropy requires [5] H * ∼ < 10 14 GeV. The corresponding number density, for a stable non-relativistic species mass m X , is
If n * ∼ < 10 3 H 3 * , the thermal mechanism definitely dominates [4] , but for bigger n * the vacuum fluctuation may dominate, leading to a tighter constraint on T R [6, 7] .
For each species, the predicted value of n * depends crucially on the effective mass m in the early Universe. The latter is typically of order H, and we focus on that case. In an earlier paper [4] , it was claimed that particle creation occurs only for wavenumbers that leave the horizon during inflation, k max ∼ a * H * , leading to the estimate n * ∼ 10 −2 H 3 * . This makes thermal production dominant, except for supermassive particles with m X ∼ > T R . For non-hybrid models of inflation, where H * is the only relevant scale in the problem, one expects it to be a good estimate. In particular, one expects it to be good for gravitino production and this is confirmed by two recent investigations [6, 7] .
On the other hand, for hybrid models [8, 9] there is a another relevant scale, namely the mass M of the trigger field that is responsible for the potential during inflation. This mass sets the timescale for the transition from inflation to the non-inflation. It is given by M ∼ gV
, where g ∼ < 1 is the coupling of the trigger field and the inflaton field, and it can be much bigger than H * .
For both scalar and spin 1/2 particles, we shall find that M is irrelevant so that the vacuum production mechanism will be less important than the thermal one. For gravitinos, equations for the evolution of the mode functions that have only recently been presented [6, 7] . They contain a function G, which has been shown to satisfy the condition |G| = 1 in the special case of a single chiral superfield with a minimal kinetic term. Assuming this condition, it has been claimed [7] that k max ∼ a * M, leading to n * ∼ 10 −2 M 3 (the factor 10 −2 was omitted in [7] ). If this is the case, the usual bound on the reheat temperature is tightened to T R ∼ < 10 −10 M < 10 6 γ −1 GeV, and the nucleosynthesis requirement
In this note, we examine the evolution equations in some detail. With some caveats, we confirm the claim of [7] for the special case |G| = 1 studied there, and go on to argue that the same estimate may hold also in the more general case.
A common framework for estimating the abundance from the vacuum fluctuation We recall a common framework [4, 10, 6, 7] , which will give a good estimate for the abundance of fermions and at least a lower bound on the abundance of scalar particles.
In terms of the occupation number |β k | 2 for states with momentum k/a, the number density per helicity state is given by
As indicated, significant particle creation will occur only up to some k max . In other words, one will have |β k | ∼ 1 at k = k max , and |β k | negligibly small at bigger k. For fermions, |β k | ≤ 1 leading to the rather firm estimate
For scalar particles, this is expected to be a good estimate in the case of gravitationalstrength interactions [4] , as we discuss in detail below. More generally, it is only a lower bound. If parametric resonance occurs, the occupation number will become very large as k falls below k max . Even if it does not, the occupation number may rise smoothly at a rate faster than k −3 so that the contribution from k ∼ k max is no longer the dominant contribution.
Scalar particles We refer to, for instance, [4] for the basic formalism for scalars and spin 1/2 particles.
A suitably chosen mode function obeys the equation
where
and ξ = 0 for minimal coupling to gravity. In these expressions the prime denotes differentiation with respect to conformal time η, where dη = dt/a. An overdot will denote d/dt. Einstein gravity gives
During inflation, a ′′ /a 3 = 2H 2 , and during matter domination a ′′ /a 3 = 1 2 H 2 . The mode function takes on a simple form during any era when Ω satisfies the adiabatic condition. For practical purposes this condition can be written
where the average is taken over a conformal time interval Ω −1 . Roughly speaking, this condition says that Ω has negligible variation in a conformal time interval of order Ω −1 . When the adiabatic condition is satisfied, approximate solutions of Eq. (10) Ωdη) and η 0 is arbitrary. The adiabatic condition is satisfied at early times during inflation, and one adopts the initial condition u = u flat , corresponding to the vacuum. At late times the adiabatic condition is again satisfied and
with |α| 2 − |β| 2 = 1. The occupation number is |β| 2 , and an explicit formula (eg. [11] ) is
If the adiabatic condition is satisfied at all times, |β| 2 ≪ 1 and there is negligible particle creation. The maximum occupied wavenumber k max is the one where the adiabatic condition is just failing.
Assuming supergravity, the effective mass of each scalar particle in the early Universe will typically be of order H, until H falls below the true mass [12, 13] . (During inflation, C H can be close to zero in special models [9] , but it is expected to be of order 1 after inflation [14, 7] since it comes from many different sources as discussed below.) A nonminimal coupling ξ ∼ 1 will give a contribution to µ of the same order. Adopting the estimate µ ≃ H, one will have k max ∼ a * H * , corresponding to n * ≃ 10 −2 H 3 * . This estimate was checked in [4] , setting C H equal to a constant of order 1. The mode equation was solved assuming a ∝ exp(H * t) during inflation, and either a ∝ t 2 3 (matter domination) or a ∝ t 1 2 (radiation domination) afterwards, with u and u ′ continuous at the transition. It was found that Eq. (8) is indeed dominated by the upper limit, and that |β k | 2 ∼ 10 −1.5 at k = a * H * . This corresponds to an abundance 10 −1.5 times Eq. (6), if the latter is evaluated with n * = 10 −2 H 3 * , which is a factor 10 −1.5 times an earlier estimate [15] , and in agreement with later one [7] , both using µ ≃ H
We should mention at this point another work [3] , which set m equal to a constant of order H * , and ξ = . With these choices, the adiabatic condition is satisfied for all k except k ∼ a * H * , but again k max ∼ a * H * . The estimate of [3] for n * is a factor ∼ 10 −3 lower than Eq. (9) with k max = a * H * , confirming once more that the above technique for estimating n * is roughly correct.
The contribution to µ 2 from a non-minimal coupling ξ will obviously change sharply at the end of inflation, since it is proportional to a ′′ /a 3 . But it is important to realize that the same is true of the supergravity contribution m 2 ∼ H 2 . Indeed, this contribution has a number of different components. During inflation, the potential V = 3H (1 + P/ρ), and according to field theory |P | ≤ ρ. In contrast, m 2 can vary on some bigger inverse timescale M, because λ and λ ′ are different. In any case, m 2 /H 2 will vary at least on the inverse timescale H. This is why we referred to the calculation of [7] , which took C H to be constant, as merely an estimate, even though it used the numerical solution of the evolution equation with a particular inflation potential.
The same inverse timescale M will apply to the variation of P/ρ, since P receives a contribution −V from the potential and a contribution 1 2φ 2 from each field. This will be crucial when we come to the case of gravitinos.
If M ≫ H * , one has brieflyṁ ∼ mM, and one might think that this would increase the value of k max at which the adiabatic condition Eq. (19) fails. This is not in fact the case, because the average ofṁ has to be taken over a conformal time interval Ω −1 ≫ (aM) −1 . This makes k max of order a * m * , just as if C H were constant. Finally, consider the effect of a non-gravitational coupling one the effective mass. Such a coupling, to some field φ, can generate a mass-squared g 2 φ 2 with g ∼ 1, which can be much bigger than H 2 . If m 2 is constant (in particular, if it is the true mass, defined as the present value) the adiabatic condition is satisfied for all k and no particles are created. But if φ oscillates after inflation, so does m 2 , and one can have greatly enhanced particle production (parametric resonance [16] ) if the typical value ofṁ/m 2 is ≪ 1; indeed, the adiabatic condition then fails near m = 0. This is quite different from the case that m 2 comes from gravitational-strength couplings as described above. Even if one had λ ≪ λ ′ , so that m 2 oscillated, there is no parametric resonance because the inverse timescaleṁ/m is much bigger than m ∼ H * . One needs a coupling stronger than gravitational strength to have parametric resonance.
Spin 1/2 particles Suitably normalized mode functions for spin 1/2 satisfy Eq. (10), with
At least for practical purposes, the adiabatic condition is
with the derivative averaged over an interval δη ∼ ω −1 . This condition says roughly that Ω is almost real, and practically constant over an interval dη ∼ Ω −1 . The solutions in the adiabatic regime are
Taking u = u flat at early times, corresponding to the vacuum, one finds at late times
with |α| 2 + |β| 2 = 1. An explicit formula for the occupation number is (eg. [11] )
2 In [4] (ma) ′ is incorrectly replaced by ma ′ . With the ansatz C H =constant that was used there, one can check that this has no effect if inflation is followed by radiation domination, and is equivalent to the replacement C H → 1 2 C H if inflation is followed by radiation domination.
There is negligible production if the adiabatic condition is satisfied at all times. Analogously with the scalar case, this will happen if m ≫ H * withṁ/m 2 ≪ 1. Differently from that case the adiabatic condition is also satisfied for small mass, satisfying am ≪ k and (am) ′ ≪ k 2 . This means that production is strongly suppressed if m ≪ H * anḋ m ≪ H 2 * . In the limit m → 0 there is no production at all, corresponding to the conformal invariance of the Dirac equation.
For particles such as modulini, which are gauge singlets, supergravity is expected to generate an effective mass m ∼ C H H, with C H ∼ 1 coming from several different sources just as for scalar masses [13] . This leads to the estimate k max ∼ a * H * . (In contrast, chiral fermions with gauge interactions receive no mass correction from supergravity, as is familiar from the case of soft masses in the low-energy theory.)
What about non-gravitational contributions to spin 1/2 masses? As in the scalar case, one can have m much bigger than H * if the particle has an unsuppressed coupling to some field φ, giving a contribution m = gφ. If this field oscillates the mass will oscillate and one can have enhanced particle production (parametric resonance [17, 10] ). As in that case though, such a thing requires m ≫ H * .
Gravitino production with one chiral supermultiplet and minimal kinetic terms At the time of writing, equations for the gravitino mode functions have been studied [6, 7] only on the assumption that the energy density and pressure are dominated by one chiral supermultiplet with minimal kinetic terms. Suitably-defined mode functions satisfy Eq. (10). For the helicity 3/2 states, Ω is the same as for a spin 1/2 particle, Eqs. (17) and (18), with m the effective gravitino mass. For the helicity 1/2 states, Ω is of the same form with m replaced by a different effective massm. It is conveniently written
with |G| = 1. Comparison of the equations in [6, 7] with the spin 1/2 equations in say [4] shows that the occupation number will be given by the same formula Eq. (23). A formula for G ≡ A + iB is given in [7] , in terms of the scale factor and its first two derivatives. We have found that this formula is conveniently written in terms of quantities A 1 and A 2 introduced in [6] . The result is A = cos θA 1 − sin θA 2 (26) B = sin θA 1 + cos θA 2 (27)
The condition |G| = 1 may be writteṅ
In [6] , am is written in terms of a quantity µ, defined byÃ = − exp(2i t µdt), wherẽ
3 The formula given in [6] ism = µ − , and evaluatingθ using Eq. (32) we find m = µ − m. This apparent difference between the formulas is not significant at the level of rough estimations. We focus on Eq. (25) because it is simple, and as we shall discuss seems to make sense also if |G| = 1.
According to Eq. (24), the production of helicity 1/2 gravitinos is the same as for a spin 1/2 particle with effective massm. Since there is only one scalar field, we are necessarily dealing with a non-hybrid model of inflation, so that the inverse timescale for the change in P/ρ after inflation is M ∼ H * . Barring cancellations, Eq. (32) says that this is also the timescale for the change in m just after inflation, and again barring cancellations it follows that the adiabatic condition fails at k max ∼ a * H * .
One would like to check this using a specific model of inflation, with minimal kinetic terms and a single chiral superfield. Two such models have been proposed, both leading to inflation with the field rolling away from the origin under a potential V = V 0 − λM P (Reφ) 3 + · · ·. One [19] invokes the superpotential
, while the other [20] 
In the first model, m is of order H * during inflation and tends to zero afterwards, while in the second model the reverse is true. In both cases, the above estimate of k max holds. 4 Gravitinos in the real world At the time of writing, the realistic case of more superfields and/or non-minimal kinetic terms has not been investigated. According to [7] , Eq. (25) and Eqs. (26)-(31) are valid quite generally for a 3/2 particle, that satisfies the massive Rarita-Schwinger equation with the appropriate constraints. The status of the condition |G| = 1, equivalent to Eq. (32), has not however been investigated. Let us close with some tentative comments on the general situation.
Suppose first that |G| = 1. The analysis leading to k max /a * ∼ H * is valid for any non-hybrid inflation model. In a hybrid inflation model, with inverse timescale M ≫ H * for the change in P/ρ after inflation, one finds barring cancellations thatm ∼ M under the reasonable condition that m ∼ < H * . (For bigger m, this estimate will generally be reduced.) The inverse timescale for the variation ofm is also M. This means that there can be no parametric resonance, in contrast with the case for a spin 1/2 mass ≫ H * . These remarks justify, and qualify, the claim of [7] that k max ∼ a * M.
The condition |G| = 1 is equivalent to Eq. (32), which cannot always be true, because m is a particle mass which depends only on scalar fields, whereas ρ and P depend in general on all fields. For instance, sufficiently rapid reheating might generate P = 1 3 ρ ∝ t 1/2 , before m(t) had time to respond. In the context of N = 1 supergravity one can be more specific. The gravitino mass is m = exp(
, where W is the superpotential and K is the Kähler potential. The potential is the sum of an F term which is determined by W and K, and a D term which involves also other quantities. One can write down an (unrealistic) model of inflation which involves only the D term [21] , and in this model one could have W , K and therefore m constant.
On the other hand, |G| = 1 does not seem to be necessary for a physical interpretation. In the limit of slow-roll inflation, G = 1 because P/ρ = −1 andṁ = 0. At late times, when m is a constant with its present value and H ≪ m, one also has G = 1. As a result, one can impose the vacuum condition u = u flat at early times, and use Eq. (23) to find β. This feature, which has not been noted before, allows at least the possibility of sensible physics.
With |G| = 1, the adiabaticity condition is still that Ω be real, and be practically constant on the timescale Ω −1 . Although the condition becomes complicated when |G| is not constant, one can see that the inverse timescale M for the variation of P/ρ is still a crucial quantity, leading in many cases to the same condition k max ∼ a * M for the failure of adiabaticity.
At very large k, the adiabaticity condition becomes simply k/a ≫ |G| ′ /|G| 2 . The right hand side is independent of k, so one will not have particle production at arbitrarily large k. (We discount the exceptional case that |G| vanishes at some instant in time. ) Finally, suppose that the adiabaticity condition is satisfied in some intermediate era, with |G| = 1. One should have |G| < 1 so that the helicity 1/2 gravitinos do not travel faster than light, and the condition |P/ρ| < 1 ensures this, provided that |ṁ|/m 2 ≪ 1.
Conclusion We have presented a framework for estimating the abundance of particles created by the quantum fluctuation. Assuming that the effective mass has the typical value m 2 ∼ H 2 , we find that the number density of scalar and spin 1/2 particles is roughly 10 −2 H 3 * , where the star denotes the end of inflation. In the case of the gravitino, we argued that the same estimate holds in non-hybrid models, but that in hybrid models one could have instead n * ∼ (H * M P ) 3 2 . The estimate for gravitinos was based on recentlyderived equations [6, 7] , and coincides with the one in the second reference. The status of these equations, and of the estimate, is not yet clear except for the special case of one chiral superfield and minimal supergravity, necessarily leading to non-hybrid inflation.
